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Abstract 

We study the existence of ground states for the coupled Schrodinger 
system 

f —Au + u = + b\v\‘^\u\‘^~^u , . 

\ —Av + ui'^v = 

in M"’, for a; > 1, 6 > 0 (the so-called “attractive case”) and q > I 
(q < ^^2 improve for several ranges of {q,n,u}) the 

known results concerning the existence of positive ground state solu¬ 
tions to m with non-trivial components. In particular, we prove that 
for 1 < g < 2 such ground states exist in all dimensions and for all val¬ 
ues of w, which constitutes a drastic change of behaviour with respect 
to the case q >2. Furthermore, for q > 2 and in the one-dimensional 
case re = 1, we improve the results in |14j . 
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1 Introduction 

In this paper we consider the system 


J —Are -|- Aire = 

rep'^ ^re -k 6 re b reb 

\ -Are -k X 2 V = 

c; 

to 

03 

1 

to 

+ 

0 - 

03 
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to 
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with u,v : —)■ R (n > 1), g > 1, 6 > 0 and Ai, A 2 > 0, which appears in 

several physical contexts, namely in nonlinear optics (see [T] and the refer¬ 
ences therein). 

By rescaling the x variable and/or inverting the roles of u and v, it is 
easy to see that ([2]) can be rednced, withont loss of generality, to the system 


f —Am + u = 



\ —An -I- u'^v = 

y 2<?-2.y -g b\u\‘^\v\‘^~‘^v. 

u > 1 


In the last years, this system has been extensively stndied by many anthors 
(see for instance 0 , ni, [El, ini). In particular, in |1] and [5] the authors 
studied the case q = 2 and n = 2,3, proving the existence of a constant A > 0 
depending on u such that for b < A the system ([2]) admits a non-trivial radial 
solution {u,v) 7^ (0,0) (with -u,n > 0 if 6 > 0). The authors also showed 
the existence of another constant A' > A such that for b > A' the system 
possesses a radial ground state solution BA = (M*,n*) (n*,n* > 0), in the 
sense that BA minimizes the energy functional associated to ([3]) among all 
solutions in {u,v) G iA^(R"') x H^(EA) \ {(0,0)}. In [2] Ikoma and Tamaka 
showed that for 0 < b < min{A, 1}, the solutions found in |3],[Sj are in fact 
also least energy solutions. 


In [13], following some of the ideas presented in [T5|, the authors proved 
the existence of a radial non-trivial ground state solution [u*, v*) {u*, v* > 0) 
for every 6 > 0 and for (g, n) satisfying 


1 < g < 


-|-oo if n = 1,2 


n 

n — 2 


if n> 3. 


(4) 


Furthermore, it is shown that for 

1 r 


b ^ C-u),n,q 


n I lA 1/ n / 1 

i+Ai--i + ^(i-2(i-- 


u 


2q-n{q-l) _ ^ 


there exists a ground state {u*,v*) with u*,v* > 0. 


In the present paper we will prove the existence of a positive radial de¬ 
creasing ground state solution to ([3D for all (g, n) satisfying the condition 
([Tp. Exploring this radial decay, we improve the constant Ci^^n,q derived in 
ra for all g > 1 and large u in the case n = 1 and for all 1 < g < 2 in any 
dimension, in fact replacing it by 0 in the latter case. 


2 





When dealing with the system ([3]) it is often necessary to treat the case 
n = 1 separately dne to the lack of compactness of the injection M- 

q > 2, where denotes the space of the radially symmetric 

fnnctions of This lack of compactness is, in a sense, a conseqnence 

of the ineqnality 

p_^ 

|n(x)| < C'|x|~||m||hi(r-) (6) 

for u G Indeed, (E]) gives no decay in the case n = 1. However, if u 

is also radially decreasing, it is easy to establish that 

|m(x)| < C\x\~^\\u\\l2(r^), 

which provides decay in all space dimensions, hence compacity by applying 
the classical Stranss’ compactness lemma ([IS]). Hence, putting 

= {u E : u is radially decreasing}, 

we get the compactness of the injection for all n > 1 

(see the Appendix of [3] for more details). We will use this fact to present a 
unified approach for the problem of the energy minimization of ([3]), valid in 
all space dimensions. 

Before stating our results more precisely, and following the functional 
settings in 0, 0 and [I3|, let us introduce a few notations: we denote by 
II • \\q the standard L^(W^) norm and, for {u,v) E E := x we 

put 

ll(«, := II^IP + := Ikll 2 + llV^xll^ + clnll^ + ||Vn||^. 

We introduce the energy functional associated to ([3]), 

I{u,v) := ^||(ww)||i- ^(||m||| + lkll 2 g + 2fe||Mx||^), 

noticing that (n, v) is a solution of ([3]) if and only if VI{u, v) = 0. 

We will study the minimization problem 

inf{J('U,n) : {u,v)eN'}, (7) 

where the so-called Nehari manifold J\f is dehned by 

:= {(n, v) E x : {u, v) ^ (0, 0), V/(m, v) T {u, n)}, 

that is, (m, v) E Af if and only if (u, v) ^ (0, 0) and 

r(n,n) := (V/(n, n), (u, n))i 2 = ||(M,n)||2 - (^||n||g + ||n||g + 2f)||Mn||^) = 0. 
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As pointed out in |1] for the case q = 2, we notice that 

{Vt{u,v),{u,v))l^ = 2\\{u,v)\\l - 2q(^\\u\\ll + IMiS + , 

and, if {u, v) G Af, 

{Vt{u,v), {u,v))l2 = 2(1 - g)||(w,n)||^ < 0 ( 8 ) 

which shows that Af is locally smooth. 

Furthermore, it is easy to check that [hi,/i 2 ]Hess T(o,o) *[hi, ^ 2 ] > 0 for all 
(hi,/i 2 ) 7 ^ ( 0 , 0 ): ( 0 , 0 ) is a strict minimizer of r, hence an isolated point of 
the set {t{u,v) = 0}, implying that AA is a complete manifold. Finally, any 
critical point of I constrained to Ah is a critical point of I. Indeed, let us 
consider {u, n) G Ah a critical point of / constrained to Ah. There exists a 
Lagrange multiplier A such that VI{u,v) = AVr(tt,n). 

By taking the Lf scalar product with (M,n), 

(V/(u, n), (m, v))l 2 = A(Vr(w, n), (m, v))l 2 , 

that is, in view of ([H]), 0 = A (2 — 2 g)|| (w, r’)|l^, hence A = 0 and VI^u, v) = 0. 

Putting Erd = Hid ^ ^rd of symmetric radially decreasing non¬ 

negative functions of E, we will prove the following result: 

Theorem 1.1 Let n > 1 and q > 1, with q < if n > 3. There ex¬ 
ists a minimizing sequence {un,Vn) G Erd for the minimization problem &■ 
Furthermore, {un,Vn) {u^,vf) G Erd strongly in H^(MA) x H^(MA). In 
particular 

Iiu^,,vA = minl(u,v) = min I{u,v) 

Af AfnErd 

= min{/(ri,n) : {u,v) {0,0) and'VI{u,v) = 0}. (9) 

Concerning the existence of ground states with non-trivial components, we 
will show: 

Theorem 1.2 Let n>l and 1 < q <2, with q < ifn>3. 

Then for all b > 0 there exists a ground state solution {u, v) G Erd to ((3) 
with u > 0 and n > 0. 


Theorem 1.3 Let n = 1 and q > 2. If 


b > = 


21 


- 1 +^ 

-Ct! ^2 


1 —1 
-u 


( 10 ) 


there exists a ground state solution {u,v) G Erd to ^ with u > 0 and v > 0. 
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Notice that 




w,l,q 


i/3_^ ]_n 

2V2 2g^a;2V2^2gy 



1 


at least for large values of oj. 


2 Proof of Teorem 11.11 

We begin by observing that for (/, ( 7 ) G E, {f,g) 7 ^ (0,0), with T{f,g) < 
0, there exists t g] 0, 1] such that {tf,tg) G M. Indeed, if T{f,g) = 0, we 
choose t = 1. If T{f,g) < 0 we simply notice that 

T(tf,tg) = t"(||(/.J)||^ - + llsll^S + 2611/9113)) 

with Tf^g{0) > 0 and Tf^g{l) < 0. 

Also, we notice that if (/, g) G A/", 

/(/.9) = (5 - ^)ll(/,9)lk = (5 - ^)(II/Il 23 + II 9 II 23 + 26||/j||3). (11) 

We now take a minimizing sequence (n„,n„) G M for the problem 

m = inf{J('u, n) : (n,n)GA/'}. 

From flTT]) . it is clear that m > 0 and that (n„, Vn) is bounded in E. 

We put n* and n* the decreasing radial rearrangements of In^l and |n„| 
respectively. It is well-known that this rearrangement preserves the U norm 
(1 < p < -1-cxo). Furthermore, the Polya-Szego inequality 

Iivrii2<iivi/iih 

in addition with the inequality ||V |/|||2 < IIV/II 2 (see [13]) shows that 

ll«,<)lli<ll(«n,w)|li. 

On the other hand, the Hardy-Littlewood inequality 

j\fa\< J ra‘ 

combined with the monotonicity of the map A —)■ A'^ (see for instance [8] for 
details) yields ||/5'||q < \\f*9*\\q and, hnally, 

T«,0 < r{Un,Vn) = 0. 


5 




Next, let tn g] 0, 1] such that (tnU^^inV^) G M. We obtain 



and we obtained a minimizing sequence {tnU^,tnV^) in Erd, denoted again, 
in what follows, by {un,Vn)- Since this sequence is bounded in 
up to a subsequence, {un,Vn) in H^(W^) weak. Also, since the 

injection Erd —t is compact, up to a subsequence, («„, u„) (u*, u*) 

in strong. 

Hence, since ||u„|| 2 g+ ||u„|| 2 g + -)■ ||u*|| 2 q + \\v^\\^^q +2h\\u^v^\\\, we 

deduce that 

r('U*, u*) < liminf r(M„, u„) = 0. 

Once again, let t g]0, 1 ] such that {tu^,tv^) G Af. 

m < I{tu^,tvAj = “ ^\\{u*,vAj\\l 

< (^ - ^) liminf \\{un,Vn)\\l < liminf I{un,Vn) = m. 

This implies that (fu*, tvA) is a minimizer. In particular, all inequalities above 
are in fact equalities: t = 1 , G M, ||('u*,u*)|lij = lim ||(u„, 

\\un\\m \\u*\\Hh \\vn\\m -t ||^^*||hi and ^ in 

strong. 

Finally, it is clear that is a ground state: if {wi,W2) 7 ^ (0,0) is 

a critical point of I such that I{wi,W2) < /( m *, u *), taking once again 
and W2 the decreasing radial rearrangements of |rci| and |tn 2 |, there exists 
t g] 0 , 1 ] such that {twl.tw^) G N and I{tw\,tw^) < I{wi,W2), which leads 
to a contradiction. This completes the proof of Theorem 11.11 ■ 

3 Ground states with non-trivial components 

Let (m*, u*) G Erd the ground state mentionned in Theorem ll.il If u* = 0, 
u* = uq is the unique positive radially symmetric solution of the elliptic 
equation —Au + u = (see [TU]L 

Also, if u* = 0, u* = Vq is the unique positive radially symmetric solution of 
— Av + oj'^v = which relates to Uq by the relation Vo(x) = u'^Uo(ux). 

Hence, to show the existence of a ground state with nontrivial components, 
we only have to exhibit an element (/, g) G M Erd, / 7 ^ 0, 5 ' 7 ^ 0, such that 

< min{/(uo,0),/(0,uo)}. (12) 


6 




( 13 ) 


Since /(mo.O) = (| “ 5 )ll“oll 23 . /(0,no) =nn-> ”(^1 - ^^lluoUjJ and 
^ — n > 0, for o; > 1 the inequality (IT^ reduces to 

I{f,g)<I{uo,0). 


We first compute x > 0 such that (/, g) := (xmq, x9vq) G A/", where 0 > 0 will 
be chosen later (see [B] and [7] for a recent application of a related technique 
to the Schrodinger-KdV system): 

r{f,g) = x‘^\\{uo,evo)\\l - x‘^‘^ (^\\uo\\ll + ^^'^ll'^o|l2g + 2fe0'?||Mo^^o||^) = 0. 
Since 


and 

we obtain 


x2''-2 = 




2q 


{l + 9^u—-^)\\uo\\ 


2? 


1 + 9‘^u‘!-^ 


2q 


2q 


(1 + 02,^—-)||^^||^? + 2b9quoVo\\t 1 + 9^ioj—-^ + 

Since Uq is radial and nonincreasing and cj > 1, 

lltiofollg = ul{x)ul{ojx)dx < oj'^ / 'Uo(^)'^o(^)'^^ =ll'^o||2g- 


Also, 


^ ^ 1 , 10—1 / (f ,)nr'\rl nr — /,io—1 


Il'Wo'^ollg ^ J UQ{ujx)dx = UJ‘1-'^ 

Hence, we obtain 


2q 


1 + 9'^u)^-^ 


2q 


2q 


< < 


1 + 9‘^uji-^ 


l + 6/2g^,_l ^ 2991001-^ 


2q 


and 


Hf,g) ^)ll(“o.«''o)llo = ^'(1 - i)(l + . 


l + 5)2g^,_i ^ + 299^100 0-^' 


1 1 


(14) 


2q 


2q. 


7 







2q 

The condition (IT^ then becomes x^{l + < 1. 

In view of fll4p . a sufficient condition is 

1 + + 2be‘iuj^~'^ ~ 


that is, 


We now put 6*^ 


(1 + - 1 - 

0 Q 

209a;—-’* 

for e > 0, obtaining the condition 


b> 




2e9 




For 1 < g < 2, lim 


(1 + £ 2 ) 9-1 


= 0 . 


Hence, the arbitrary value of e establishes the sufficient condition b > 0. 


For n = 1, putting e = 1, we obtain the bound 

b > a;^+2 - -uj 2, (15) 

as stated in Theorem 11.31 ■ 

We hnish by making a few remarks: 

Remark 3.1 For a; = 1 and 9 = 1, we obtain, for all n > 1, the hound 
29“^ — 1 which is known to be optimal for q > 2, in the sense that for 
b < 29“^ — 1 all ground states of ^ have one null component (see m 
Theorem 2.5). 


Remark 3.2 The bound in / I73]) can he slightly improved for large values of 

29-1. ^(i + e2)<?_l 


u by replacing the quantity 


by the minimum of - 


2e9 


fore > 0. 


Remark 3.3 For n > A we have 1 < q < 2, hence the problem of the 
existence of ground states with non-trivial components is completely solved 
for these spatial dimensions. 
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